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week?2: Solutions to Exercise Sheet 1:
Undamped, Damped, and Forced Harmonic Oscillator

First of all, the following general facts hold:

(i) A homogeneous (‘there is a zero on the right-hand side’) linear second-order differential
equation (ODE, ordinary differential equation) has two linearly independent solutions,
that is, the general solution contains two constants.

(ii)) The general solution of an inhomogeneous linear second-order ODE is given by the
general solution of the homogeneous equation plus a special (or ‘particular’) solution of
the inhomogeneous equation.

With this we can now solve the exercise:

a) Obviously sinwt and coswt are solutions of
i 4+ Wiy = 0 (1)

Hence the general solution of (1) reads:

z(t) = acoswt + bsinwt
With the initial conditions
z(0) = zo
2(0) =
we obtain
x(t) = wocoswt + L sinwt (2)

as the unique solution of (1).

b) We make the complex ansatz

with a complex A € C and obtain
(N 4+ iy + W = 0
or, with v = 2pu,

— A%+ 2+ W =0
& A= 2 — w? =0



The solution of this quadratic equation is given by

Ar = dp £ A/ (ip)? + w?
= iu £ w?—p?

We consider the cases p<w, p=w and p>w.

Case 1: u < w, weak damping: Equation (3) has the solutions

A = Fw, + i

with a real frequency

w, = ywr—p? € R

This gives us the complex solutions

ry(t) = pirxt  _ ompt Eiwyt
Because of
By 4+ i + W = 0
= Re[ @ + viy + w?z, ] = 0
< %Re{xt] + 7 4Re[r;] + w’Re[z;] = 0

the real part and imaginary part of the solution (5) are also solutions of the ODE (6). Hence

the general real solution of (6) is given by

z(t) = e [acoswyt + bsinw,t]
We have
i(t) = —pe*acosw,t + bsinwyt] + e [—aw, sinw,t + bw, cosw,t |
and therefore
z(0) = a =
Lo
©(0) = —pa + bw, = o
Thus,
—
p = Zotpzo
W
and hence
- do+pzo
x(t) e T coswyt + TR sinwy,t

(7)



Case 2: u > w, strong damping: Equation (3) has the solutions

Ar = dp i/ —w? = kg 9)
with the real and positive decay rates

Ky = pu £ /p?2—w? > 0

This gives us the general real solution

z(t) = ape ™ 4+ a_e "t (10)
Because of
z(0) = ay + a- = 2
#(0) = —kiay — K_a_ =

we obtain, by multiplying the first equation by x, or x_ and adding it to the second one,

KiG_ — K_a_ = KiTo + Zo
K_Qy — KiGy = K_To + Zo
and therefore
. k—moto
a+ = Ry — K—
_ K4To + To
a- = + Kg — K

We can then substitute this into (10) and obtain the solution for the given initial conditions.

Case 3: p = w, critically damped case: Equation (3) has only one solution,

A= 1pE£0 = p
and for the time being we only have one solution
x(t) = e ™
In such situations,
x(t) = te M
gives a further solution; let us quickly verify this: we have

(t) = e — pte ™™ = (1—pt)e ™
Bt) = (e — p(l—pt)e™ = (4t — 2p)e

and therefore obtain
it + 'Yﬂft + WQ.TJt = Z.l:’t + 2,LLZI§'t + [LQI‘t
= {(;ft —2u) + 2u(l — pt) + pt }e_“t

= 0



The general solution thus reads
z(t) = (a+bt)e ™
with
i(t) = [b— pla+bt)] e

The initial conditions then yield

a = x
and
b—pa = b—puxry = o
b = 2o+ pxo
SO

:r;(t) = [l’o + (Q?o +,u.1’0)t] e*“t (11)

c) We now have an inhomogeneous ODE;,
Ty + iy + wrr = ag sin(wpt) (12)

and have to find a special solution of the inhomogeneous equation. The general solution of
the homogeneous equation

i’t—f—’yibt"—le’[}t = 0

we already determined in part (b). We consider the complex equation
ét + ’)/Zt + w2 Zt = Qo €iw0t (13)
If we have a z(t) which satisfies (13), then, with a real ag, we obtain

Im[,ét + v + wZzt] = Im[aoei“’ot]
& LImlz) + v dimfz] + w?Imlz] = ao sin(wot)
so then
z(t) = Im[z]
is a solution of (12). To find a solution of (13), we make the ansatz
2(t) = ae™o!
and obtain

a{ _wg 4 iWO")/ 4 w2}eszt _ aoelet



or

2

Qo w

2 .
—wj + 1ywy

— w2 — W
(w? = w§)® + (ywo)?

Qo
w2

Thus we obtain the complex solution

2

2 .
W —wy — 1Ywo

S e oy cn

and have to determine its imaginary part: a special solution of the inhomogeneous real ODE
(12) is thus given by

ao [ cos(wot) + i sin(wot) ]

xinhom@) - Im[zt]
_ Qo 2 2\ -
= 2R T ) { (W —wp) sin(wet) — ~ywp cos(wot) } (14)
and the general solution is then given by
$(t) xgen,hom<t> + xspec,inhom(t) (15)

where Zgennom(t) is the general solution of the homogeneous equation, which contains two
constants, say ¢; and ¢2; Zspec,inhom (t) = Tinhom (t) is the special solution of the inhomogeneous
equation from (14); and the two constants ¢; and ¢y then again have to be determined from
the initial conditions

At this point we only want to do this for the
that case we have

Lspec,inhom (t> w2

mgen,hom(t)

Zo

To

case without damping, i.e. only for v = 0. In

i t
o sin(wot)

c1 coswt + ¢y sinwt

SO
xz(t) = ¢ coswt + co sinwt + % sin(wot) (16)
so that
z(0) = ¢ = x
and
. QoWo Lo
0) =
z(0) Cw + — _ To
Thus,
j}() Wo 1
o = — — ap —
? w "W w?— Wl
and finally we obtain
x(t) = xocoswt + %o sinwt + s {—ﬂ sin(wt) + sin(wot)} (17)
w w? — w? w

for the case v = 0.



