Hochschule RheinMain WS 2026/27
Prof. Dr. D. Lehmann

4. Homework Assignment Advanced Classical Mechanics

Exercise 1: We parametrize the motion of a particle of mass m in R3 by spherical coordi-
nates,

x cos ¢ sin @
= |y| = r|singsind
z cos 6

with r € [0, +00), ¢ € [0,27) and 6 € [0, 7] . We introduce the following basis vectors:

cos  sin 6 —sinp cos ¢ cos 0
€ = |[sinpsing |, & = cosp |, ép := | siny cosb
cos @ 0 —sinf

The orbital angular momentum is defined by the vector

L == Zxp = mix7
Show:
a) For a force-free motion mi = 0, as we considered it in Example 1 of week4.pdf , we
have
d — o —
L =0,

that is, L is a conserved quantity.

—

b) For a motion under the influence of gravity F' = (0,0, —mg) and a constraint force of
the form Z = A€, , we no longer have % L =0, but we still have

4Ly =0
where Lj is the z-component of the angular momentum L = (L, Lo, L3) .
¢) In spherical coordinates we have
L = mr2{9€¢ — @Sin9€9}

and



Exercise 2: We consider the motion of a small ball of mass m under the influence of gravity
in a spherical bowl as we discussed in Example 2 of week4.pdf . There we parametrized the
motion by spherical coordinates,

Ty cos @ sin 6,
ft = Yt = R | sin Dt sin Qt
2 cos 0,

where R now is the constant radius of the bowl. Using the Lagrange formalism, we derived
the following equations of motion:

2{esin?0} = 0 (1)
6 — ¢?sinfcosf — Lsinf = 0 (2)

a) How must the initial conditions be chosen if the ball is to move on horizontal circles?
Try to characterize all such possible initial conditions.

b) For ¢ = 0 we may consider the motion as that of a planar simple pendulum of length R.
The rest position of the pendulum is at Z = (0,0, —R), i.e. § = 7. Substitute § = 7 — «
and consider the case of small displacements a@ < 1, so that the approximation sin a ~ «
is justified. For that case, write down the equation of motion for « as well as its general
solution.



