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Solutions Homework Assignment 4 Advanced Classical Mechanics

Exercise 1: For two vectors @ and b in R? with

ai
(05} = 51 + aggg + a3€3
as

ST
Il

the cross product @ x b € R was defined by

51 aq b1 agbg — agbg
axb = det 52 as bg = a3b1 — Cllbg
53 as bg a11)2 — Qle
In particular, we therefore have
axa = 0
a) We have
d = _ i — —
L = mg {:U X x}

b) We now have

mf:ﬁ—kz

—mgeés + \é,

— A =
—mges + Trep

— A =
= —mgez + X

and hence
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m L x z)

&=

= m{fx:i’%—fx:f’}

= fx{mf}
= IX {—mg€3 + %f}
= —mga:xe3+%f><f



with the cross product

So we have

51 z 0
det [ e y O =
53 z 1
d _
drg =0

In week4.pdf we derived the following formulas in equation (5):

psinfe, + 0é,

—p sinfe, — ¢ cosbéy

pcosbe, — Oe,

Here we only need the first of these equations and obtain

8y

&4-

We can substitute this into

L =

= 1€

= re. +re,

_ r — . . — N —

= ré + r{go sinf e, + 069}
Foo .. o N =
"I + rosinfe, + rfep

L,

ITXP = mIXZT

m T X Ef + rp sinfe, + r@é’g}

m & x {r¢sinfé, + rfép}

mré, x {r¢ sin0e, + rféy}

mrio sinf €, x €, + mr26 €, x &,

We compute the cross products,

cosp sinfl —singp
sinp sinfl  cos =
cos 6

0

cos p sinf  cosp cosd
siny sinf siny cosf
cos 6

€1
é;« X 6_;0 = det 52
€3
and
€1
é} X gg = det 52
e
Thus,
L =

—sinf

—cos p cosf

—sin ¢ cosf
+sinf

—sinp
Ccos
0

mr?p sinf €, x €, + mr20 €. x &

—mr¥¢ sinf & + mr*d é,

and, since the z-component of €, is zero and that of & is —sin6,

Ls

+mr?¢sin®f .



Exercise 2: We have the equations of motion

%{ ¢sin? 6 } = 0
6 — ?sinfcosh — Zsin = 0
or, if ¢ denotes a time-independent constant,
psin®f = c (1)
6 — ¢?sinfcosf — Lsinf = 0 (2)

a) If the ball is to move on horizontal circles, then the angle § must be constant,

Equations (1) and (2) thus become

psin’fy, = c (4)
— ¢?sinfcosy — Lsinfy = 0 (5)

On the one hand, we have the special solution sinfy = 0, i.e. #; = m, where the ball
simply rests at the lowest point of the bowl at # = (0,0, —R) (the unstable solution
0 =0,ie &= (0,0,+R), one might perhaps also list for a rigid spherical pendulum,
but we said that here we have a bowl..).

For sinfy # 0 we can divide by sin 6, or sin? §, and obtain

Y = G T Wo (6)
— ¢?cosby — £ = 0 (7)

So the particle must move with a constant angular velocity ¢y = wp, and if the particle
is to move on a circle of latitude with angle 6y, then the angular velocity wg must be
chosen as follows:

wycosby +g/R = 0

or

g
Y= R(—cos b)) (®)

Note that, because 0y € [r/2, 7|, the quantity —cosfy in the denominator of (8) is
positive.



b) For ¢ = 0 we obtain from equation (2)

0 — Zsing = 0 9)
With the substitution § = m — a we obtain
0 = —a
and
sinff = sin(r —a) = sina

Substituting this into (9), we thus obtain

—& — fsina = 0
or
& + &sina = 0 (10)
Now we consider the case of small displacements o < 1, so that we can make the
approximation
. (13 065
sma = o — F + HF F oo R o«
From (10) we then obtain
&+ fa = 0 (11)

Equation (11) is the differential equation of the harmonic oscillator. As a linear second-
order differential equation, it has 2 linearly independent solutions; these are given by
et or, if we make it real right away, by sinwt and coswt. Substituting this into (11),
one obtains for w the equation

—w’ + 4 =0
or w = +./%. Because cos(—wt) = cos(wt) and sin(—wt) = —sin(wt), the negative w
does not give any additional new solutions, so we take
w = \E = w (12)

and then obtain the general solution
a(t) = ¢ cos(wot) + ¢o sin(wpt) (13)

As usual, the constants ¢; and ¢y are determined from the initial conditions, i.e. the
initial displacement «g and the initial angular velocity cy:

ap = a(0) = ¢ cos(0) + ¢ sin(0)

dp = &(0) = —ciwp sin(0) + cowp cos(0)
or
G = O
Qo = Caw

This gives us the final result

a(t) = ag cos(wot) + 3—8 sin(wot) . (14)



