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Exercise 1) Consider the matrix

=6

a) Determine the eigenvalues of A.

b) Determine an orthonormal basis of eigenvectors and check the equation

A = VDVT

WS 2026/27

(1)

through explicit calculation. Here V' is the matrix of eigenvectors (the columns) and D

is the diagonal matrix with the eigenvalues on the diagonal.

c) Compute the matrix exponential ¢4 by using equation (1).

d) Solve the ODE system

T = x + 3y
= 3z + vy

with initial conditions x;—9g =1 and -9 =0.

Exercise 2) Let

Show the following identity:

oA cost —sint
~ \+sint cost

To do so, compute the even and odd powers A% and A?**! and use the power series of exp,

cos and sin.

Exercise 3) The hyperbolic functions sinhz and coshz are defined by

et +e* )
coshz := — sinhx =



a) Show, using the power series expansion of the exponential function (or using the Taylor
formula), that

X g2k 22 -
coshz = l; G — 1L+ 5 + 5+ (3)
=0
. ! 23 5
sinhz = ;(2%1)! =+ 5+ 5+ - (4)
=0

b) Let

Show the following identity:

oA cosht sinht
~ \sinht cosht

To do so, again compute the even and odd powers A% and A?**! and use the power
series of exp, cosh and sinh .

Exercise We want to check the power series expansions for sin, cos and exp numerically
using the R software. To this end, let

en(r) = 207 = l+a+ 45 +%5+ -+
‘]:
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so that
en(T) e’
lim ¢ s,(2) = sinz
n—00
cn(x) cos T

a) Using the R software, plot the functions e, (z) and e in an (z, y)-diagram for the values
n=1,2,...,10. Choose, say, x € [—2,+2].

b) Plot the functions s,(x) and sinz in an (z,y)-diagram for the values n = 1,2,...,10.
Choose for example x € [-27,427] and y € [-2,+2].

c) Plot the functions ¢,(z) and cosz in an (x,y)-diagram for the values n = 1,2,...,10.
Choose as in (b) z € [—27,+27] and y € [-2,+2].
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