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Exercise 1) Consider the matrices

A =

(
0 1
1 0

)
, B =

(
0 1
−1 0

)

Calculate all real or complex eigenvalues of A and B and their corresponding eigenvectors.

Exercise 2) Consider the matrix

A =

1 0 2
0 −1 −2
2 −2 0


a) Calculate all eigenvalues of A.

b) Determine an orthonormal basis of R3 consisting of eigenvectors.

c) Let V be the matrix

V =

 | | |
v⃗1 v⃗2 v⃗3
| | |


where { v⃗1 , v⃗2 , v⃗3 } is the orthonormal basis of eigenvectors determined in part (b).
Check through explicit calculation:

A = V D V T

if D denotes the diagonal matrix with eigenvalues λ1, λ2, λ3 on the diagonal.

Exercise 3) The rotation matrices

A =

(
cosα − sinα
sinα cosα

)
are complex diagonalizable, there is a unitary matrix U ∈ C2×2 and complex eigenvalues λ1

and λ2 such that

A = U

(
λ1 0
0 λ2

)
U∗ (1)



with adjoint matrix U∗ = ŪT . Calculate U and both eigenvalues λ1 and λ2 and check the
identity (1) through explicit calculation.

Exercise 4) The scalar product of two vectors x⃗ = (x1, ..., xn) and y⃗ = (y1, ..., yn) in Rn is
defined through

(x⃗, y⃗) := x1 y1 + · · · + xn yn =
n∑

j=1

xj yj

Let A ∈ Rn×n be an arbitrary n× n matrix. Prove the following identities:

a) We have

(Ax⃗ , y⃗ ) = ( x⃗ , AT y⃗ ) (2)

with

A =

 | |
a⃗1 · · · a⃗n
| |

 , AT =

− a⃗1 −
...

− a⃗n −


or [AT ]i,j = aj,i if A = ( ai,j )i,j=1,...,n .

b) For arbitrary n× n matrices A and B we have

(AB)T = BTAT .


