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week4: Kapitel 4: Das N-Perioden Binomialmodell, Teill

Let S be some tradable asset with prices
Sy = S(t), k=0,1,2,.. (1)
and let
H = H(Sy, Sy, Sv-1,5n) (2)

be some option payoff with start date ¢y and end date or maturity ty. We want to replicate
the option payoff (2) with a suitable trading strategy in the underlying S. For notational
simplicity let us assume first that we have zero interest rates » = 0. From the last chapter we
know that a trading strategy holding ¢ assets at the end of day t; generates the amount

N

Vv = W+ Z d;-1(S; — S;-1) (3)

j=1

Each 6 will be determined on the end of trading day ;. On such a day, the asset prices
So, 51, .., Sk are known, but the asset prices Sgi1, Skio, ..., Sy are not known yet, they are
lying in the future. Thus, d; can be a function only of the known prices Sy, ..., Sk,

5k - 5]6(50,51,...,5]{,1,5]6) (4)

Definition 4.1: We say that an option payoff (2) can be replicated by a suitable trading
strategy in the underlying if and only if there are choices of d; of the form (4) and some initial
amount Vj such that (in case of zero interest rates)

N
H(So, S,y Sn—1,8x) = Vo + Y _0;-1(S; — Sjz1) (5)

=1

The initial amount V, which is needed to set up the replicating strategy is called the
theoretical fair value of H or the price of the option H. The process of replicating an
option payoff H through formula (5), that is, through a trading strategy which holds 0,
pieces of the underlying S at the end of day t;, is called hedging.

Now let us consider the question to what extent replication of options is possible. Equa-
tion (5) can be rewritten as

H(So,S1,...,95-1,98) = Vn-1+0n-1(Sy — Sn-1)



or

H(SO:SIV--’SNbeN)_(5N715N = VNfl_éNfl‘S’Nfl

= some function of Sy, Si, ..., Sn_1 (6)

That is, the right hand side of (6) is independent of Sy. Let us introduce the return of the
asset S from t;_1 to ty,

ret, = Sk — -1 = S -1 (7)

such that
Sk = Sk_1(1 +rety) (8)
Then equation (6) can be rewritten as
H(SO, Sty ey Sno1, Sno1(1+ retN)) —Oon_1Sv_1(1+rety) = const 9)

where the const in the equation above means that the left hand side of (9) has to be the same
for all possible choices of rety. Since there is only 1 free parameter in (9), namely dy_1, we
can only allow for 2 possible choices for rety, say,

rety € {retup, retaown (10)
and in that case we have to have

H(So, Sl, ceny SN—17 SN_l(l + retup)) — 5N—1 SN_l(l —f- retup) =
H (S0, 51, ., Sn-1, Sn—1(1 + retdown)) — On—1 Sn—1(1 + retaown)

which determines dy_; to

5 B H(SO,...’SN717SN71(1+retup)) — H(SO,...,SNfl,SNfl(l+I‘€tdown>) (11)
N=b Sn-1(1+rety,) — Sy—1(1 + retaown)

Thus, if we allow for 2 possible choices of returns only as in (10), replication of option payoffs
seem to be possible. This leads to the following

Definition 4.2: If the price process Sy = S(t) of some tradable asset S has the dynamics

S, = Sk—l(l + retk) with rety € {Tetup;retdown} (12)

for all k, then we say that S is given by the Binomial model.

Remark: Observe that in Definition 4.2 we have not introduced any probabilities for an
up- or down-move, that is, we have not specified a probability p,, such that an up-return
ret,, will occur and a probability pgown = 1 — pup for the occurence of a down-return. We
did that because the replicating strategy and the theoretical option fair value Vj are actually
independent of such probabilities.



Now we are in a position to formulate the following important

Theorem 4.1: Let S be some tradable asset whose price process is given by the Binomial

model (12). Let r be some interest rate per period such that cash amounts G change their
t—1—tk

values according to G~ — = G(1 4+ r). Then every option payoff
H = H(Sop,...,Sn)
can be replicated. A replicating strategy is given by, for Kk =0,1,..., N — 1:

up down
Vk+l k+1

up down
Sk—i—l - Sk—i—l

5k = 5]6(507 7Sk)

with the abbreviations

S,?i/ldown = Sk (1 + retyp/down )
VI = Vi (Sos o S, ST
and the portfolio values V4, including the theoretical fair value, the option price Vy, can be
inductively calculated through the following formulae:
Vi = (14+7)u
with discounted portfolio values v, given recursively by

— up down
Uk = Wup Uiy + Wdown Vg1 (14)

and the recursion starts at k = N with discounted portfolio values
oy = (14+7)"NH(Sy,---,Sy)
The weights w,;, and wqown are given by

w _ r — retgown (15)
P rety, — Tretqown

rety, — r

Wdown — 1— Wy
P rety, — retaown

Proof: For nonzero interest rates we have
N
UN = U+ E 5j_1(8j — Sj—l)
j=1

which is equivalent to

Vg+1 = Vg + 6k(3k+1 - Sk) Vk= 0, 1, ,N —1 (17)



We have
Upr1 = 0e1(S0, S Sk1) = ka1 (So, oo, Sy Se(1+rety) )

and the return ret, can be an up-move or a down-move in which case we get

vty = e (Sos o Sk Sy ) = vk (o, oo Sk, Skl retyy) )
U]Cgliv{n - vk+1(507"'75k7sgivi]n) - Uk+1(SO7"'7Sk78k(1+retdown))

From (17), we have

up up
down down
Vetl = Uk + OR(SET — k)
Thus,
up down up down
Ve — Uit = Ok(sphn — skt
or
up . down —rtp41 up down up down
5, = V11 Uk+1 € (Vi1 ) Vg k+1
- up _ _down —rt up Qdown - up  Qdown
Sk+1 Sk+1 e~ (S SEST) k1 St
Solving (17) for vy,
UV = Ups1 — Ok(Sk+1 — Sk)

= vt — k(s — sk)

= I — (ST - sn)
Let’s take the up-equation and substitute the value for J; (we also could use the down-
equation, we would end up with the same result),

_ up up
Ve = Uy — 5k(5k+1_5k)

up vl — et ( up )
= v — @ _down \S — Sk
kL TSI dewn Skt

up d up
_ Skt1 ~ Sk31 ,up . (UUP o ’Udown) Sk+1 — Sk
- up _ .down k+1 up _ _down
Skt1 T Skr1 k+1 kt+1 + Sk+1 — Skl
up down up up
e R S S e L Skt1 ~ %k, down
- gUP —_ gdown k+1 gUP _ gdown V41
k+1 k+1 k+1 k+1
down up
_ Sk~ Spy1 up Sk+1 — Sk down

up down up down
Sk+1 — Skl k+1 Skl — Skr1 k+1

. up down
=! Wup Vg T Wdown Vgt

with weights w,, and wqown Which apparently add up to 1 and, using the abbreviation R :=
147,

_ odown —k o —(k+1) @down o down

W = ¥ Skl BTUSk R )SkJrl _ RS k+1
up up _ _down —(k+1 up _ Qdown o up _ Qdown
Sk+1 Sk+1 R-D(S,Y, ) Skt1 k41



or

v — (1+7)S, — S,fj’:{“ B (1+7)S, — Sk(14 retaown)
P Sllclil — Sg?rvi’n Sk(1+retup) — Sk(l—i-retdown)

r — retdown

rety, — retgown

and the theorem is proven. Wl

Beispiel: Standard-Kauf-Option in einem 3-Perioden Binomialmodell — U-Blatt 4



