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Aufgabe 1: We use Theorem 4.1 from the lecture notes which was the following statement:

Theorem 4.1: Let F : Rm → R be some function and let 0 =: t0 < t1 < · · · < tm ≤ T . Then∫
F (xt1 , ..., xtm) dW ({xt}0<t≤T ) =

∫
Rm

F (xt1 , ..., xtm)
m

Π
ℓ=1

ptℓ−tℓ−1
(xtℓ−1

, xtℓ) dxtℓ (1)

where the p-functions on the right hand side of (1) are given by

pτ (x, y) := 1√
2πτ

e−
(x−y)2

2τ .

Since all expectations to be calculated depend only on the Brownian motion observed at a
single time t, we have m = 1 for all integrals,

E
[
F (xt)

]
=

∫
R
F (xt) pt(0, xt) dxt

=

∫
R
F (xt)

1√
2πt

e−
x2t
2t dxt

=

∫
R
F (x) e−

x2

2t dx√
2πt

where in the last line we simply renamed the integration variable from xt to x. If we substitute
v := x/

√
t, dv = dx/

√
t, we may rewrite this as

E
[
F (xt)

]
=

∫
R
F (

√
t v ) e−

v2

2 dv√
2π

. (2)

Thus, with the formulae from Übungsblatt 5, we obtain:

a)

E[xt ]
Definiton
of E[ · ]
=

∫
xt dW ({xt}0<t≤T )

(2)
=

∫
R

√
t v e−

v2

2 dv√
2π

= 0



E[x2
t ]

Definiton
of E[ · ]
=

∫
x2
t dW ({xt}0<t≤T )

(2)
=

∫
R

(√
t v

)2
e−

v2

2 dv√
2π

= t

∫
R
v2 e−

v2

2 dv√
2π

= t

E[xn
t ]

Definiton
of E[ · ]
=

∫
xn
t dW ({xt}0<t≤T )

(2)
=

∫
R

(√
t v

)n
e−

v2

2 dv√
2π

= t
n
2

∫
R
vn e−

v2

2 dv√
2π

=

{
(n− 1)!!× t

n
2 falls n gerade

0 falls n ungerade

b) For the variance we obtain

V[xt ] = E[x2
t ] −

(
E[xt ]

)2
= t− 0 = t .

such that the standard deviation is given by√
V[xt ] =

√
t

which looks as follows:



Aufgabe 2: We use again formula (2) from above,

E
[
F (xt)

]
=

∫
R
F (

√
t v ) e−

v2

2 dv√
2π

,

to obtain

E[St] = E
[
S0 e

µt+σxt−σ2

2
t
]

(2)
=

∫
R
S0 e

µt+σ
√
t v−σ2

2
t e−

v2

2 dv√
2π

= S0 e
µt−σ2

2
t

∫
R
eσ

√
t v e−

v2

2 dv√
2π

UeBlatt 5
= S0 e

µt−σ2

2
t e

σ2

2
t = S0 e

µt

And for the variance,

V[St] = E[S2
t ] −

(
E[St]

)2
(2)
=

∫
R
S2
0 e

2µt+2σ
√
t v−σ2t e−

v2

2 dv√
2π

− S2
0 e

2µt

= S2
0e

2µt−σ2t

∫
R
e2σ

√
t v e−

v2

2 dv√
2π

− S2
0 e

2µt

UeBlatt 5
= S2

0e
2µt−σ2t e2σ

2t − S2
0 e

2µt

= S2
0 e

2µt
(
eσ

2t − 1
)
.


