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week6: Erwartungswerte mit Brownschen Bewegungen

Wir wollen uns jetzt iiberlegen, wie man allgemeine Erwartungswerte mit Brownschen Bewe-
gungen konkret berechnen kann. Das Setting ist das folgende: Consider some discrete times
t in the intervall [0, T,

te = kLt = kAt, k=0,1,..,N (1)

where
N =N =L €N (2)

and let
¢17¢25"'7¢N (3)

be independent normally distributed random numbers with mean zero and variance one,
o € N(0,1)  iid. (4)

Then a Brownian motion at discretized time t = t, = kAt is given by the combination of
integration variables

k
Ty = Ty, = \/E Z Qb] (5)
j=1

We start with the following expectation which involves only one Brownian motion observed
at one single time t =T = ty:

E[(ar)] = E[fGan)] = E[F(VAITY o))
- [(vESLe) i geta ©

Here f is an arbitrary function. We make a substitution of variables (¢r)1<x<n — (Tr)1<k<n
defined as follows:

ry = \/E 1 o = $1/\/E
z, = VAt (61 + ¢2) P2 = (12— xl)/\/E
r3 = VAL (¢1+ ¢y + ¢3) & g5 = (w3—x2)/VAL (7)

in = VEE(Gitdatoton)  on = (on—an)/VEE



The Jacobian of the transformation (7) is det % =1/V At since
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Thus the expectation (6) becomes, with N = N, = t/At,
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and used the definition

The kernel (9) has the following basic property:

Lemma 6.1: Let pi(z,y) be given by (9). Then

fR ps(may)pt(yaz)dy - p5+t($,2)



Proof: We have
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which proves the lemma. W
Using this lemma, we can actually perform the integrals over x1, 2o, -+ ,xxy_1. We have
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Thus (8) simplifies to

N
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Instead of labelling the x with k € {1,2,..., N}, we label them with ¢, := kAt which has the
meaning of time. In particular, ty = NAt =T. So, we rename ), — Tpar = 2, With that,
we write down the following very important

ok ~$r dr (12)

Definition 6.1: Let Ny =T /At and pi(z,y) = \/2#—7# e~ | Then the measure
Nr
W({xitoct<r) = Al}:mo kH Pat(Tk-1)at, Trat) dTpar (13)

s called the Wiener measure and the family of random wvariables or integration variables
{x¢}o<i<r is called a Brownian motion. In terms of i.i.d. random variables ¢, € N(0,1),

t/At
T, = AhtrBO\/At;@ (14)

Remark: The time discretized version of the Wiener measure, this is what we actually will
usually use, is simply given by a product of Gaussian normal distributions. With N = Np =
T/At and tr = k‘At,

N
W({xtk}0<kSN> = klillpAt<'rtk—l7xtk)d‘rtk
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where the last line in (15) is due to the substitution of variables, which is equivalent to the
definition of Brownian motion in discrete time,

k
VALY 4, (16)
j=1
from which we get the recursion

xtk = xtk,1 + v At ¢]€ (17)

The formulae (15,16,17) are very important and will be used over and over again.



Integrals with respect to the Wiener measure are computed according to the following

Theorem 6.1: Let F : R™ — R be some function and let 0 =: tg < t1 < --- < t,, < T be
some times and Ty, ..., Ty, be a Brownian motion observed at those times. Then
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Proof: The calculation is very similar to the calculation which lead to (12). Because of (11)
only the x4, ..., xy  integration variables survive. We are a bit less explicit and a bit more
compact now and write

/ Fla, o a0,) dW ({domrer)

Np
= i F _
A ) (T4, 4,,) I Pac(Tk-1)at, Trat) dTrar
‘ Ny Ny,
= lim F(xy,yxy,) T pac(c)degar T pac(e..) dogag X -«
At—=0 JpNp k=1 =N¢; +1
Ni,,
- X 11 PAt(---) dz iy
k=N;, _, +1
(11) .
= lim F(xtl, ceny .Z'tm) Dty (l’o, .I'tl) dl'tl y - (xtl , th) d.fCtQ Xoeee

At—0 Rm

e X ptm*tm—l ('rtm—l7xtm> dxtm

m
- / F(xtu ) xtm) 61:11 Pty—ty_4 (xtsz xte) dxtz

which coincides with (18). W



