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Kapitel 4: Brownsche Bewegung, Wiener-Maf3
und das Black-Scholes Modell, Teil2

In der letzten Veranstaltung hatten wir uns zunéchst an die Datenanalyse fiir die Returns

rettk

erinnert, die wir in der Excel/VBA-Vorlesung auf dem 9. und dem 10. Ubungsblatt gemacht
hatten. Dort hatten wir, rein durch Betrachten der Daten, schon die Gleichung fiir das
zeitdiskrete Black-Scholes Modell hergeleitet,

Sty = Sy (1+pAt+ o VALGy)

wobei die ¢’s standard-normalverteilte unabhéangige Zufallszahlen sind. Dann hatten wir
gesagt, dass wir Skalierungsverhalten mit At, also genauer, die Tatsache, dass man vor den
Zufallszahlen ein /At braucht und kein At, etwas genauer verstehen wollen, und hatten dazu
den Ansatz

Sy, = Sy (1+puAt*+o Atﬁgbk) (1)

gemacht. Auf o = 1 sind wir dann relativ schnell gegkommen, und dann, um auf g = 1/2 zu
kommen, hatten wir eine Rechnung angefangen und dazu erstmal das p auf 0 gesetzt, p = 0.

In dem Fall haben wir dann mit N = N, =t/At oder t =ty = NAt

Nt Nt
S, = SOH (1 —I—UAtﬂgbk) = S0 exp{Zlog(1+JAt5gbk) }
k=1 k=1

Dann hatten wir die Taylor-Entwicklung

1’2

log(l+2z) = z — 5 T O(z?)

benutzt, mit
r = ocAtPo

und waren auf

Ny
S, = S exp{Z(o—At%k - %azm%z + O(At35)> }
k=1

Nt 2 Nt
= S exp{ aAtﬁngk - %Athgbi + O(At?’ﬁ_l)} (2)
k=1 k=1



gekommen. Dieser Ausdruck, insbesondere die erste Summe im Exponenten,

o AP SN oy

legt es nahe, Erwartungswerte von der folgenden Form zu betrachten:

eporziia)] - [ o(armte)
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=€ doy,

(3)

Fiir festes t = NAt, N = N, = t/At, bekommt man da im Limes At — 0 ein unendlich-
dimensionales Integral, also es ist keineswegs klar, inwieweit man da einen sinnvollen Limes
erhalten kann. Um das zu analysieren, hatten wir dann die folgende, sehr wichtige Vari-

ablensubstitution gemacht:

Ty = \/E% 0 = 33'1/\/&

X2

\/E(¢1+¢2) G = (I2—$1)/\/E

x5 = VAL (¢ + ¢+ ¢3) s ¢z = (z3—12)/VAL

TN, : \/Kt(¢1+¢2+---+¢Nt) ON, : (xn,

_ath—l)/\/Kt

Die Funktionaldeterminante, die man dann bei der Transformationsformel fiir N-dimensionale

Integrale bekommt, war, mit N = N,
0 1
det —¢ =

8[E /AtN

Damit konnten wir dann die folgende Rechnung machen:

elr(arsiia)] = [ (et vasl o) fi

_ (w—2p—1)2

RN k=1 Var

and used the definition

The kernel (6) has the following basic property:

Lemma 4.1: Let p,(z,y) be given by (6). Then

Jeps(@, n)pe(y, 2)dy = pepe(z,2)

g Ly doy
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Proof: Ubungsblatt 5. M

Using this lemma, we can actually perform the integrals over x1, 2o, -+ ,xx_1. We have

Jadzy Jgdaa - [ dun_y pac(wo, @1) pa(®y, @2) par(w2, 25) - par(zn-1,2n)

~~

J dz1 = paai(zo,z2)

= fR dry fR drs--- fR dry_4 ?2At($07 T2) par(w2, 133)1 - pac(TN_1, TN)

g
J dz2 — p3at(zo,x3)

= fR drz - - fR drn_y P3At($0, 953) T pAt($N—1, !EN)
= fR drn_q p(N—l)At(xm xN—l)pAt(l'N—la OEN)
= pnac(To, TN)

Thus (5) simplifies to

E [f <Atﬁzgil gzﬁk)] = /RN f(Atﬂ_% Ty) ﬁ {pm(xk—l, i) dzy } (8)

= /f(Atﬂ_é Tn) X pyac(To, zy) dey
R
NAt::OZ L 2
L= /Rf(At'BZ :v) X ﬁe’ﬁ dx 9)

Hence, a nontrivial meaningful limit is obtained only for g = %

Instead of labelling the = with k& € {1,2, ..., N;}, we label them with ¢, := kAt which has the
meaning of time. In particular, ty = NAt =t. So, we rename xy, — Tra; = 2y, With that,
we write down the following very important

_(a=y)?

Definition 4.1: Let Ny = T/At and pi(z,y) := ﬁ e~ 2 . Then the measure

. NT
dW ({zitoct<r) = Al}gloklglpm(x(k—um,$kAt)dxmt (10)

s called the Wiener measure and the family of random wvariables or integration variables
{4 }o<i<r 1s called a Brownian motion. In terms of i.i.d. random variables ¢ € N(0,1),

t/At

v = lim VAL ;gbk (11)

Remark: The time discretized version of the Wiener measure, this is what we actually will
usually use, is simply given by a product of Gaussian normal distributions. With N = Np =



T /At and t, = kAt,

N
AW ({z Jocken) = T Par(To .y, 2y,) dry,

2
N (ztkfztk_1>
= [I{e — 2@ dzyy
b1 V2T At
N %

= e ) (12)

And the time discretized Brownian motion z;, is given by
k
m, = VALY 6 (13)
j=1
from which we get the recursion

Itk = xtk% + VAt Qbk (14)

The formulae (12,13,14) are very important and will be used over and over again. Integrals
with respect to the Wiener measure are computed according to the following theorem, which
also will be used over and over again.

Theorem 4.1: Let F': R™ — R be some function and let 0 =:tqg <t; < --- <t,, <T. Then

m

/F(aztl, ) AW ({2 Yocrer) :/

F(xtu ey Itm) }:[1 Pto—to_q (xtgq g xtz) dxte (15)

Proof: Because of (7) only the xy,, ..., x;, integration variables survive:

m

/F(:L‘tl, oy e, ) AW ({4 fo<r<r) (16)

Nt
= lim F(zy, oy q,,) T pac(@g—1)at Tear) dTrar
At—0 JpNp k=1
' Ni, Ni,
= lim F(xy,.ooyxy,) I pac(c) dzgar T pac(ee.) degay X - - -
Ni,,
- X I1 pac(..) drpag
k=N¢, _ +1
@ F d d
- 11m (xtu "'7xtm)pt1 (x07xt1> mtl ptg—t1 (‘rtnxtg) xtg X
At—0 R™

Tt X pt'm_tm—l (xtm—17 xtm) dxtm
m
= / F(xy, ..., 2,,) 61:[1 Dto—ty_, (Tt,_y, Tr,) dy,

which coincides with (15). B



Now we return to (2) and put 8 = 3. Then
Ny o2 N
_ / 2 : 2: 2 SN7
St = SO exp{ o VAt o (bk — ?At 2 (bk + O( At) } (17)

The first term in the exponent converges to a Brownian motion z; = lima;_,o VAt ZkNil Ok
and the last term vanishes, but what about the second term? There is the following

Theorem 4.2: Let

Ine = At 42

with Ny = t/At and ¢1, ¢o,--- being independent Gaussian random numbers with mean 0
and standard deviation 1. Then the following statements hold:

a) E[]At] =t
b)  V[ia] = 2tAt

c) hmProb“]At—t‘Zs} =0 Ve >0 .
At—0

More intuitively, we may rewrite the statement of part (c) simply as

lim In, = lim At N @2 = ¢t .
Ay o= fim, A2

Proof: For standard normal distributed random numbers we have

El¢] = 1
El¢] = 3

since more generally

Thus we get

Ella] = A0S EG)

k=1



To calculate the variance, we rewrite it as a covariance since the covariance is a bilinear
quantity where we can bring sums from inside to the outside of the covariance as follows:

V[IAt] = COV[IAtalAt]
Nt Nt
= Cov{Athﬁi, AtZgb?]
k=1 =1

Ny
= (A1) ) Covl i, 67 ]

kl=1

N
= (A ) 6k Cov[ 67, 67 ]

ke f=1
Ny

= (M) V[ 6} ]
k=1
Ny

= (A1) 2
k=1

= 2tAt.

Now we use Chebyshev’s inequality. It states that for any random variable X we have

VIX]

e2

Prob(\X— E[X]| > 5)

Then we put X = Ix; such that with the results from part (a) and (b) we obtain

2tAt  Ar—0
%

Prob(|IAt—t| ZE) =

0

This proves the theorem. W

We summarize our results: The statistics of financial data suggests, as a first approxi-
mation, the stochastic model (1). A meaningful continuous time model is only obtained if
the exponents in (1) are choosen to be & =1 and 8 = £ which results in

St, — St ASy,

- = pAt+oVALg, (18)
Stk—l Stk 1

In view of (4), in particular, the right hand side thereof, and recalling the relabelling x; —
Trat, Wwe may write this as

= ulAt+o(xy —x, ) = At + oAz, (19)

or, in the continuous time limit At — 0,

dsS;

— = pdt + odrxy (20)
St



where {z;}o<t<r 18 a Brownian motion. And we saw that the discrete time solution (17) of
(19) (for p # 0 there is an additional p©N;At in the exponent, as we had in the previous
lecture) converges to

2
St — SO eutJraztht (21)

The solution (21) is usually refered to as a ‘geometric Brownian motion’. In a following section
we will rederive (21) from (20) as an application of the Ito-Lemma. We have the following
super-important

Definition 4.2: Let {z;};>¢ be a Brownian motion. Then the stochastic process (21),
o2
St _ SO 6ut+a:ct—7t (22)

is called the Black-Scholes model for the asset price process {S;}i>o. It is a solution of
the stochastic differential equation (20),

dS—‘? = pdt + odx, (23)

Equation (23) is called the Black-Scholes Stochastic Differential Equation or Black-
Scholes SDE (not to be confused with the Black-Scholes PDE, partial differential equation,
which we discuss in Chapter 7).

In discrete time, Black-Scholes paths can be simulated through

Sy, = Sy, (1 + pAt + o VAL, ) (24)

with the ¢ being standard normal distributed random numbers.

Excel/VBA-Demos:

a) Show through simulation that for small At the S;, s calculated iteratively through (24)
and directly through (22) are approximately equal.

b) Confirm part (c) of Theorem 4.2. That is, show through simulation that in discrete
time for small At

Ine = Atzgllgbi ~ t.



