Hochschule RheinMain Finanzmathematik T
Prof. Dr. D. Lehmann WS 2020/21

VL5: Kapitel 2: Das Binomialmodell, Teil2

Gestern hatten wir das Binmialmodell als ein zeitdiskretes Assetpreismodell definiert,
was von einem Zeitpunkt t;_; zum nachsten Zeitpunkt ¢; jeweils immer nur 2 Einstel-
lungmoglichkeiten zulasst, das war die

Definition 2.2: If the price process Sy = S(tx) of some tradable asset S has the dynamics

Sk = Sk_1(1 + rety) with  ret € {retyp, retdown (1)

for all k, then we say that S is given by the Binomial model.

Dann hatten wir das folgende Theorem hingeschrieben, wo wir uns jetzt noch den Beweis
dazu anschauen wollen:

Theorem 2.1: Let S be some tradable asset whose price process is given by the Binomial
model (1). Let r > 0 denote some constant interest rate. Then every option payoff H =
H(Sg, ..., Sy) can be replicated. A replicating strategy is given by, for k =0,1,...., N — 1:

O = 6k(So,--,Sk) V{ng — lifv{:: (2)
Sk+1 - Sk+1

with the abbreviations

S;:i/ldown = Sk(l + retup/down)
V;Lpl/down — ‘/;c—‘,-l(SO) . Sk, S;;li/ldown)

and the portfolio values Vj, including the theoretical fair value, the option price 1}, can be
inductively calculated through the following formulae: Suppose continuous interest rates r.
Then

Vk = e’"t’“ Vi

with discounted portfolio values vy given inductively by

_ up down
Uy = WupUpq + Wdown Vg (3)

UN = 67”]\’ H(So, ,SN)



with weights

rAt
— 1) — retyow
wup = (e ) Fdown (4)
rety, — retqown

rety, — (e"™ —1)
wn 1— u = P 5
o Wup rety, — retqown ( )

and At := ), — tx_1 (which we assume to be constant, independent of k).

Proof of Theorem 2.1: For nonzero interest rates we have
N
oy = v+ Y dii(s;— sjm1)
=1

which is equivalent to
Vk41 = Uk+(5k(8k+1 —Sk) Vk=0,1,...,.N—1 (6)

We have
Vg1 = Opg1(So, 2 Sky Ser1) = wkar(So, o, Sky k(1 +rety) )

and the return ret; can be an up-move or a down-move in which case we get

Vpo1 = Uk+1(507"‘75k7 ,ﬁl) = vk+1(50,~~,Sk,Sk(1+retup))
Ugﬂn = UkJFl(SO’.“’Sk?Sg-O‘rV{n) = karl(SO?"'7Skask(1+retdown))

From (6), we have

up _ up
down down
v = vp + OR(8 5T — sk)
Thus,
up down __ up _ _down
Vpy1 = Vg1 = 5k(3k+1 Skt
or
up . down —rty up down up down
5. — Uent T Vel € (Ve ) Vi k+1
k= up down —rt up down - up down
Skr1 T Skl e (S — SET) Skr1 — ki1
Solving (6) for vy,
Uk = Upy1 — Ok(Sk1 — Si)
_ ,up up
= Uy 5k<3k+1 Sk)

_ down down
= " — (s — sk)



Let’s take the up-equation and substitute the value for d; (we also could use the down-
equation, we would end up with the same result),

_ up up
Ve = Upyp — 5k(5k+1_5k)

up ”231 - ”g(ﬁn up
= v — T down (Ski1 — Sk
k1 S = sy (g )

SUP _ sdown Sup — s
_ k+1 k+1 ,up (,Uup _ Udown) k+1 k
- up _ _down 1 up _ _down
Sk+1 7 Skt1 k+1 k1 ket Sk41 T Skt1
up _ .down __ Up up
_ Sky1 T Skt1 — Spy1 TSk up + k1T ok down
- S‘lp _ Sdown Uk+1 S‘JP _ Sdown Uk;-l,—l
k+1 k+1 k+1 k+1
d up
_ Sk = ST up Sk+1 — Sk down

- up down k+1 +

down v
Sk+1 — Sk+1 ~ Sk+1 k+1

Up
Sk+1

. up down
=! Wup Uty T+ Wdown Uk

with weights w,, and wyewn Which apparently add up to 1 and

_ odown —rty, _ —rtp1 Qdown r(tes1—tk) _ down
v o Sk T S € ) S S k1
up up  _down —rt up _ Qdown - up _ Qdown
Skt1 T Sktl e (S — SETT) k1 — Okt
or
erAtSk _ ng)rvxlm
Wup = up Sdown
k+1 k+1

€rAtSk - Sk(l —|—I‘etd0wn>
Sk(1+rety,) — Sk(1 4 retaown)

B e — 1 — retyown

(1 +1ety,) — (14 retdown)
_ eA — 1 — retyown
N rety, — retqown

and the theorem is proven. W

Remarks: 1) If H is a path-independent or non-exotic option which depends only on the
underlying price at maturity,

H = H(Sy)

then the ¢; and the value of the replicating portfolio V}, at t, depend only on the asset price
Sy and do not depend on earlier prices Si_1, Sk_o, ..., Sg. That is,
0 = Or(Sk)

2) Assume zero interest rates such that e™! =1 and vy, = V,. Then (3) becomes

Vdown

_ up
Vi = wup Viyy + Wdown Viy



with weights

w o erAt -1 - retdown o — retdown
w = =
P rety, — retqown rety, — retgown
+ rety,
Wdown
rety, — retqown

If we further assume a ‘symmetric’ Binomial model with (say, ¢ = 1% or ¢ = 5%)

rety, = +¢
retgown = —¢
the weights simplify to
_ (g _ 1 _
Wyp = 2q - 9 =  Wdown

and we arrive at the simple recursion formula

VUP + Vdown
Vi = HHE——E (7)

Schauen wir uns jetzt ein konkretes Beispiel dazu an, das machen wir auf einem Excelsheet
— nachste Woche.



