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Kapitel 9: Das risikoneutrale Pricing-Ma#f} fiir das Black-Scholes Modell
und Monte Carlo Evaluation

The discounted portfolio value of a selffinancing strategy in discrete time was given by

Uy, = Vo + Z 515]-_1(315]- - St_j—l) (1)

where v, = e "V, is the discounted portfolio value at time t, = kAt, k = 0,1,..., Ny =
T/At and s, = e ™S, denotes the discounted asset price. Suppose that the price process
Sy, is given by a geometric Brownian motion such that

0_2
s, = e—rtk SO 6(u—7)tk+az% — SO eaxtk+(ﬂ—r—02/2)tk —. S(Itkatk:) (2)
Suppose further that we have some european option with payoff H or discounted payoff
h = e ™ H where h = h(S;,) or more generally h = h(Sy,, ..., Sty), N = Np, and suppose

that there is a replicating strategy

6tk = 6tk<St17”‘7Stk) (3)
such that
N
h - UtN = 9 + Zétk71 (Stk - Stkfl) (4)
k=1

Since vg = Vj, the price of the option, is a number, we can write

Vo = E[UO] - E[h}_ZE[(Stk—1<Stk_stk—l>:| <5)

where the expectation in (5) can be choosen arbitrarily. Let us consider (5) for the Wiener
measure,

N
AW ({z}octer) = lm T1 pac(@g-nas Trar) doras (6)
At—0 k=1
Because of Theorem 4.1 we have
Ew [0k—1(sk — sk-1)] (7)

k
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RE J=



The integration variable x;, shows up only at one place such that we can write
Ew [(5k71(5k - Skfl)}

= /k Or—1(Z1,, "'7'Ttk—1><fR $(@tys ) Pry—ty_y (Tey_y» Tty ) Ay, — 3(3715;@717751:—1)) X
R —1
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RE—1 J=

where we introduced the conditional expectation

Ew [f({2Joeer) 2] = / () AW ({ o) (s)

with the obvious definition (¢t = N;At)

Np

dW({IL‘t}ngT) = Al;lglo j:]l\_/[Jrl pAt(x(j—l)Ata xjAt) dSCjAt (9)

In particular, if the function f in (8) depends only on a single xg, f = f(xs), then

f(zxs) ift>s

(10)
/ f(xs) poi(zy, xs) dwy ift <s
R

Ew [f(zs)|2] =

Let us compute the conditional expectation Ey [s(zy,, )|z, | in the last line of (7). We
have, using At =t — tp_1

EW [S(xtk ) tk) |xtk—1] - / S(xtw tk) Pty—ty_1 (xtk717 xtk) d‘rtk
R
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= S, etmtk_l-i-(lt—?“—UQ/?)tk e%(tk_tk—l)
— 3($tk,1,tk—1) er=r)(tk—tk—1) (11)

Now, suppose the factor e~ #~t%-1) in (11) would be absent. Then the round brackets in
the third line of (7) would be zero for all & and the price of the option vy would be given
by the expectation of the discounted payoff. Thus, we would be able to compute the price
without knowing the hedging strategy, provided that there is a replicating strategy. Now,
this factor is not absent but we can ask the following question: Is there some measure dW
such that

EW [S(xtk’tk”xtk—l} = S(xtk_utk—l) (12)



If this is the case then we can compute the price vg of the option with discounted payoff h by
taking the expectation value with respect to dW,

vo = Eylh] (13)

since the round brackets in the third line of (7) all vanish. There is the following

Theorem 9.1: Let s;, = s(zy,, ) be a discounted geometric Brownian motion given by (2).

Define the kernels p,(z,y) = p}""° (x,y) by
Play) = e (14)
Then:
a) The kernels p satisfy
[t = fe) (15)

and [, ps(x,y) dy = 1 for all z. That is, the measure

. . Np
dW ({zi}oct<r) = Aliglokl;llpAt<x(k_l)At’xkAt) dxpas (16)

is well defined.

b) The price process (2) is a martingale with respect to diW. That is,

Ew[s(xt/,t'ﬂxt] = /s(mt/,t')dW({xs}ngT)

= s(z,t) Vi<t (17)

The measure dW is called an equivalent martingale measure (with respect to the price
process s;).

Proof: a) Let p,(z,y) be the kernel of Chapter 4,

pt(x7y) = \/2_7'('75 € 2t

Then

Pe(z,y) =pi(v — Ety) = pe(o,y + 55) = po(v — 55y + 2F) (18)
such that, with Lemma 4.1,

/Rﬁs(x,y)ﬁt(y&) dy = /Rps(w — s y) pe(y, 2 + 5t dy

= ps+t($ — s 2+ %t) = Psye(T, 2) (19)




which proves part (a). Part (b) is obtained as (11),
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This proves the theorem. W
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