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1.Aufgabe: Wird in der Übung vorgerechnet.

2.Aufgabe: We use the Ito-formula in integral form:

f(xT , T )− f(x0, 0) =

∫ T

0

∂f

∂x
(xt, t) dxt +

∫ T

0

{
1

2

∂2f

∂x2
+
∂f

∂t

}
(xt, t) dt

or, since x0 = 0,∫ T

0

∂f

∂x
(xt, t) dxt = f(xT , T )− f(0, 0) −

∫ T

0

{
1

2

∂2f

∂x2
+
∂f

∂t

}
(xt, t) dt (1)

a) We put f(x, t) = x2

2
. Then equation (1) becomes∫ T

0

xt dxt =
x2T
2

− 0 −
∫ T

0

{
1

2
× 1 + 0

}
dt

=
x2T
2

− T

2
.

b) We put f(x, t) = x3

3
. Then equation (1) becomes∫ T

0

x2t dxt =
x3T
3

− 0 −
∫ T

0

{
1

2
× 2xt + 0

}
dt

=
x3T
3

−
∫ T

0

xt dt .

c) We put f(x, t) = t x. Then equation (1) becomes∫ T

0

t dxt = T xT − 0 −
∫ T

0

{
1

2
× 0 + xt

}
dt

= T xT −
∫ T

0

xt dt .



3.Aufgabe: Let

v(S, t) := e−rt V (S, t)

Then, since v0 = V0,

e−rTH(ST ) − V0 = v(ST , T ) − v(S0, 0)

=

∫ T

0

dv

where

dv = d
(
e−rtV

)
= d(e−rt)V + e−rt dV + d(e−rt) dV

= −r e−rt dt V + e−rt dV + 0

Now,

dV =
∂V

∂S
dSt +

1

2

∂2V

∂S2
(dSt)

2 +
∂V

∂t
dt

Using

δt =
∂V

∂S
(St, t)

and, recalling the calculation rules for Brownian motion (dxt)
2 = dt and dxt dt = (dt)2 = 0,

(dSt)
2 = (µSt dt+ σ St dxt)

2

= 0 + 0 + σ2 S2
t (dxt)

2

= σ2 S2
t dt

we obtain

dV = δt dSt +
{σ2

2
S2
t

∂2V

∂S2
+
∂V

∂t

}
dt

We have to express dSt through dst where st = e−rt St. We have

dst = d(e−rtSt)

= −r e−rt dt St + e−rt dSt

or

e−rt dSt = dst + r e−rt dt St

which gives

e−rt dV = δt e
−rt dSt + e−rt

{σ2

2
S2
t

∂2V

∂S2
+
∂V

∂t

}
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= δt
[
dst + r e−rt dt St

]
+ e−rt

{σ2

2
S2
t
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∂S2
+
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∂t

}
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= δt dst + rSt
∂V

∂S
dt + e−rt

{σ2

2
S2
t

∂2V

∂S2
+
∂V

∂t

}
dt



Thus,

dv = −r e−rt dt V + e−rt dV

= −r e−rt dt V + δt dst + rSt
∂V

∂S
dt + e−rt

{σ2

2
S2
t

∂2V

∂S2
+
∂V

∂t

}
dt

= δt dst + e−rt
{σ2

2
S2
t

∂2V

∂S2
+ rSt

∂V

∂S
+
∂V

∂t
− rV

}
dt

= δt dst

where we used the Black-Scholes PDE in the last line. Thus,

e−rTH(ST ) − V0 = v(ST , T ) − v(S0, 0)

=

∫ T

0

dv

=

∫ T

0

δt dst .


